Introduction

One of the open questions about the ring of integer-valued polynomials, Int(D) := {f ∈ K[X]; f (D) ⊆ D}, has been the characterization of the domains D such that Int(D) is a Prüfer domain. For Noetherian domains J.L. Chabert has stated that Int(D) is a Prüfer domain if and only if D is a Dedekind domain with finite residue fields
. Recently, A. Loper has completely solved this problem providing a description of all domains D such that Int(D) is Prüfer [L] .
Back to J.L. Chabert's characterization, we can ask whether Int(D) still satisfies some multiplicative ideal properties when D is a Dedekind domain, not necessarily with all residue fields finite. This was exactly the starting point of this work. We obtain the answer to this question as a corollary of a more general statement.
In multiplicative ideal theory an important role is assumed by the set of the t-ideals of a domain. Many definitions of classical domains have been revisited and generalized by requiring that just t-ideals satisfy certain properties. For instance, Prüfer v-multiplication domains (PvMD) are domains for which the localization at each t-prime ideal is a valuation ring. Whence they generalize Prüfer domains, for which this last property holds for all prime ideals.
It is known that a domain D is a PvMD if and only if D[X] is a PvMD. In this work we ask when Int(D) is a PvMD.
First, we characterize the valuation domains V such that Int(V ) is a PvMD (Theorem 1.1). We also give a necessary condition for any domain D, showing that if Int(D) is a PvMD, then D is a PvMD (Proposition 3.1). From the analysis carried on Int(V ), when V is a valuation domain, it easily follows that the condition of Proposition 3.1 is not, in general, sufficient. 
When is Int(V ) a Prüfer v-multiplication domain?
In this first section we give a characterization of the valuation domains V such that Int(V ) is a PvMD. We briefly recall some definitions and general properties about v-ideals and t-ideals. We refer to [Gi1, § 32] or [J] for the general theory about the t-operation and the v-operation.
Let D be a domain and F(D) the set of its fractional ideals. Let I ∈ F(D). The t-closure of I is I t := J v where J ranges over the set of the finitely generated ideals contained in I.
The ideal I is a t-ideal if I = I t and I is t-invertible if there exists
If I is an integral ideal, then I is a t-prime if it is a prime and a t-ideal. A t-maximal ideal is a maximal element among the integral t-ideals of D. A t-maximal ideal is prime and each integral t-ideal is contained in a t-maximal ideal. We denote by Θ the set of t-maximal ideals of D.
The [CC, Proposition I.3.16] .
If V is one-dimensional, then V is a DVR with finite residue field and Int(V ) is a Prüfer domain [CC, Theorem VI.1.7] . Hence Int(V ) is a PvMD.
We suppose that dim(V ) > 1 and show that Int(V ) is not a PvMD. From [CH] we have that all the prime ideals of Int(V ) above m are maximal and so they are minimal over mInt(V ). But, mInt(V ) = πInt(V ) is a t-ideal (because it is principal) and its minimal primes are also t-ideals [J, Corollaire 3, p. 31] . Whence all the prime ideals of Int(V ) above m are t-ideals. The ideal M 0 := {f ∈ Int(V ); f (0) ∈ m} of Int(V ) is prime and it is a t-ideal (since it is above m). There exists, at least,
; f (0) = 0} are primes and they are both contained in M 0 . Thus they lift to Int(V ) M0 and they are incomparable. In fact,
contains nonzero constants. This implies that Int(V ) M0 is not a valuation domain (since its prime spectrum is not linearly ordered). Therefore Int(V ) is not a PvMD (by definition).
Some results about t-ideals of Int(D)
In this section we give some results which relate the t-closure of the ideals of Int(D) to the t-closure of their contraction in D.
Proof. By definition, (IInt(D)) t := J v , where J ranges over the finitely generated ideals of Int(D) contained in IInt(D). Since each of these J is included in a finitely generated ideal (a 1 , . . . , a r )Int(D), for a 1 , . . . , a r ∈ I, and J v ⊆ ((a 1 , . . . , a r )Int(D)) v , the union above can be restricted to ideals of Int(D) generated by finitely many elements a 1 , . . . , a r of I. Notice that
and
We will show that, if
The inclusion "⊆" is easy to check. In fact, if
The opposite inclusion "⊇" holds for the following argument.
We have seen that (IInt(D)) t is the union of the ideals ((a 1 , . . . , a r )D) v and I t is the union of the ideals ((a 1 , . . . , a r 
Proof. (a) directly follows from the fact that, if Q is a prime ideal of Int(D), then 
Proof. If p is not a t-prime ideal of D, from Corollary 2.2 (a) no prime ideal of Int(D) above p is a t-ideal.
Let us suppose that p is a t-prime ideal of D and let P be a prime ideal of Int(D) upper to p. Thus P ∩D[X] is a prime ideal of D[X] upper to p and p[X] P ∩D[X]. We claim that (P ∩ D[X]) t = D[X]. Since D is integrally closed, by [HZ, Lemma 4.5] P is not a t-ideal. We want to see that P is not included in any other t-prime ideal of D[X] (which would imply that (P ∩ D[X]) t = D[X]).
If Moreover we have that:
where (Int(D):
(because either q = p or q does not have height-one; hence q ∈ Θ 1 ) and J q = I q . Thus we have:
and P is not a t-prime ideal.
As a corollary of these results we describe all the t-prime ideals of Int(D) when D is a Krull-type domain satisfying the hypotheses of Proposition 2.4. We briefly recall some results about the prime spectrum of Int(D).
• If D is a domain, all the prime ideals of Int(D) upper to (0) [K1, Corollary 2.3] , and J p is a t-ideal of Int(D) because it is the contraction of a t-ideal from a localization overring [K1, Lemma 3.17] .
Finally, if p ∈ Θ 0 , applying Proposition 2.3 to the locally finite intersection 
Krull-type domains D such that Int(D) is a PvMD
We start this section giving a necessary condition on a domain D for Int(D) to be a PvMD.
Proposition 3.1. Let D be a domain and let us suppose that
The condition that we have given in Proposition 3.1 is not, in general, sufficient to have that Int(D) is a PvMD. In fact, for example, in Theorem 1.1 we have seen that there exist valuation domains (which are Prüfer domains, and so PvMDs) such that Int(V ) is not a PvMD.
We observe that if D is a domain, p is a prime ideal of D and D p is a valuation domain, then p is a t-prime ideal. In fact, pD p is a t-ideal (since D p is a Prüfer domain), and p = pD p ∩ D. By [K1, Lemma 3.17 ] p is a t-prime ideal. It directly follows that, if D is a PvMD and q is a prime ideal contained in a t-prime p, then q is a t-prime too. In fact, we have that D q ⊇ D p and D p is a valuation domain. Therefore D q is also a valuation domain and q is a t-prime ideal.
In the next theorem we characterize the Krull-type domains such that Int(D) is a PvMD. [K1, Theorem 3.7] and we have reached a contradiction.
Theorem 3.2. Let D be a Krull-type domain. With the notation above, Int(D) is a PvMD if and only if
D p is one dimensional for each p ∈ Θ 0 . Moreover, t-dim(Int(D)) = sup{2, t-dim(D)} = sup{2, sup p∈Θ {dim(D p )}}.
Proof. Let us suppose that Int(D) is a PvMD and that there exists a prime ideal
On the contrary, let us suppose that
To prove that Int(D) is a PvMD it is sufficient to show that Int(D) localized at each t-prime ideal P is a valuation domain.
Corollary 2.5 provides a complete description of the t-spectrum of Int(D). The localizations of Int(D) at its t-primes are the following:
and it is a valuation domain;
and it is a valuation domain since Int(D p ) is a Prüfer domain.
To compute the t-dimension of Int(D) we go through the following considerations. No prime ideals of the type β q can be included in ideals of the type J p . In fact,
since D p is a valuation domain [Gi1, Theorem 19.15] .
The ideals of the type p α are maximal and of heigth, at most, 2. They can only contain t-primes of the type β q with q(α) = 0 [CC, Proposition V.3.3] . Thus the only possible saturated chains of t-primes in Int(D) are the following:
The length of such a chain can be, at most, t-dim(D).
The conclusion follows from the fact that D is a PvMD which implies that
We observe that the finiteness-condition on the t-maximal ideals of D (that is, each nonzero element x of D belongs to finitely many t-maximal ideals and which holds in Krull-type domains) is not, in general, necessary. It is possible to find a PvMD such that Card(D/p) = ∞, for all p ∈ Θ and which does not satisfy the above mentioned finiteness-conditon. Such a domain D can be obtained by considering an almost Dedekind domain, which is not Dedekind, with all residue fields infinite; we refer, for instance, to [Gi2] for this type of construction. In this case,
This fact suggests that, for a general characterization, we do not have to ask that the intersection p∈Θ D p is locally finite. More precisely, from [Ch, Corollaire 1] we can write 
